Microscopic realization of cross-correlated noise processes 
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We present a microscopic theory of cross-correlated noise processes, starting from a Hamiltonian 
system-reservoir description. In the proposed model, the system is nonlinearly coupled to a reservoir 
composed of harmonic oscillators, which in turn is driven by an external fluctuating force. We show 
that the resultant Langevin equation derived from the composite system (system+reservoir+external 
modulation) contains the essential features of cross-correlated noise processes. 



In this paper, we deal with a bath that is be- 
ing nonlinearly driven by an external noise. This 
work is an attempt to analyze the mechanism of 
the action of additive, as well as multiplicative 
cross correlated noises, as well as to get an in- 
sight of the mutual interplay of these noises from 
a microscopic standpoint. This is in contrast with 
the traditional works which essentially treats the 
external cross correlated noises in a phenomeno- 
logical manner. We point out the important fact 
that the non-linear driving becomes ubiquitous to 
explain (i) the actual microscopic origin of space- 
dependent dissipation and multiplicative noise, 
and (ii) the origin of external multiplicative cross 
correlated noise. 



I. INTRODUCTION 

A huge impetus has been envisaged during the last few 
decades towards research leading to an in-depth under- 
standing of the detailed dynamics of systems that are 
subjected to external noise fields. Experimental and the- 
oretical studies in the recent past have revealed the ubiq- 
uitous and constructive role of noises in a plethora of 
physical phenomena ranging from the self-organization 
and dissipative dynamics of systems, noise-induced tran- 
sitions, phase transitions driven by noises, thermal ratch- 
ets (or Brownian motors) to even the stochastic reso- 
nance in zero-dimensional and spatially extended sys- 
tems. Noises have their own role to play in a host of prob- 
lems pertaining to physical, chemical, biological relevance 
as well as those related to economics phenomena [see 
Refsii~— ] . The common feature of an overwhelming ma- 
jority of these studies is that the system is thermodynam- 
ically closed and the energy conservation is guided by the 
celebrated fluctuation-dissipation relation 5 .. However, in 
a number of situations the system may be thermody- 
namically oper>&. There exists no fluctuation-dissipation 
relation for the thermodynamically open system 7 - and re- 
cently such a system has attained a wide attention 8 - - — . 
The origin of the noise in the thermodynamically open 
system driven by two or more random forces may be dif- 
ferent. The barrier crossing dynamics with multiplicative 



and additive noises initiated strong interest in the early 
1980s. Formerly, in most of the initial works, noise forces 
that were present simultaneously in stochastic physical 
processes have usually been treated as uncorrelated ran- 
dom variables, since it has assumed that they have dif- 
ferent noise origins. However, there are some situations 
where noises in some open systems may have a com- 
mon origin and hence can be correlated^. If this hap- 
pens, then the statistical properties of the noises should 
not be much different and can be correlated with each 
other. It has also been envisaged in many situations that 
strong external noises often modify the internal proper- 
ties of a dynamical system, thus, in a way, necessitating 
a that the internal and external noises be independent 
of each other. The case of simultaneous acting uncorre- 
lated and correlated additive and multiplicative noise has 
been studied by various authors. The study of nonlinear 
dynamical systems perturbed cross-correlated noises has 
become an attractive subject in recent yearsi^. Corre- 
lated noise processes have made their presence felt in a 
wide range of studies, such as the statistical properties of 
a single mode laser—, bistable kinetics^, barrier cross- 
ing dynamic o 17 ' 18 , steady state entropy production^ and 
noise induced transport—. Recent time, it is now well ac- 
cepted that the effect of correlation between additive and 
multiplicative noise is indispensable in explaining phe- 
nomena such as phase transition, transport of motor pro- 
tein and the presence of cross-correlated noises changes 
the dynamics of the system^!. 

It was first pointed out by Fedchenia 22 that the cross- 
correlated noises have a vital role to play in the realm 
of hydrodynamics of vortex flow from a common origin 
that appear in the time evolution equation of dimension- 
less modes of flow rates. In literature, numerous evi- 
dences fortify the effect of the interference among the 
additive and multiplicative noises in the context of dy- 
namics, phase transition and many other relevant phe- 
nomena. While Fulinski and Telejko^ 3 - have studied the 
effect of correlation between the additive and multiplica- 
tive white noise in the kinetics of the bistable systems, 
Madureira et al's work 24 throws light on the role of the 
coupled effect of two correlated white noises (additive and 
multiplicative) on the escape-rate of double- well systems. 
In this context, the role of correlation between additive 



and multiplicative noises have been explored by Mei el 
aZ^during their study of the relaxation of a bistable sys- 
tem driven by cross-correlated noises. In one of the im- 
portant developments in this direction, Hanggi and co- 
workers^ have put forth the influence of two white Gaus- 
sian noise sources that are correlated, with one being as- 
sociated with an additive white noise and the other with 
a multiplicative white noise. 

It has been experienced in dealing with the dynami- 
cal systems that in several cases the effect of adding up 
noises makes the system more ordered. For example, 
this is envisaged in the phenomenal suppression of ac- 
tivation present in bistable/metastable systems. It has 
been observed that in such systems that the lifetime is 
markedly prolonged upon the addition of two correlated 
Gaussian noise terms, vis- a -vis the lifetime in the pres- 
ence of a single noise term 24 . At the level of a Langevin 
type description of a dynamical system^, the presence 
of correlation between noises can change the dynamics 
of the syste m 15 ' 21 i 27 . In recent years, there has been an 
increasing interest in studying the effects of the noises in 
the (nonlinear) dynamical systems. 

The aim of the present work is to investigate the micro- 
scopic origin of mutual correlation of additive and multi- 
plicative external noises. We hope our model can be used 
as an efficient tool to study mechanism of various above 
mentioned effects and phenomena in systems driven by 
cross-correlated noises, one additive and the other mul- 
tiplicative. 



II. THEORETICAL DEVELOPMENT 

To start with, we consider the system to be coupled 
to a harmonic heat bath with characteristic frequency 
sets {ujj}. The coupling between the system and the 
bath is, in general, considered to be nonlinear as well. 
Initially at t = 0, the bath is in thermal equilibrium at a 
temperature T. At t = 0+, the external fluctuating force 
e(t) is switched on, which modulates the harmonic heat 
bath. The Hamiltonian for the composite system thus 
can be written as 



H = H S + H E 
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Hi, 



(1) 



where, H$ — (p 2 /2) + V(q) is the system's Hamiltonian 
with q and p being the co-ordinate and momentum of the 
system of interest having unit mass. Here, V(q) is the 
external force field. The second and third terms in the 
right hand side of Eq.([T|) refer to the harmonic heat bath 
and the interaction between the system and the latter, 
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with qj and Pj being the bath variables. The quantity 
Cj is the coupling constant and f(g) is a smooth well 
behaved function of system variables. The last term in 



Eq.([T]), Hi n t, takes care of the interaction between the 
harmonic bath and the external fluctuations e(t) 



N 

E 



Hi n t = ^Kjh(qj)e(t), 



(2) 



with, Kj being the strength of the interaction and h(qj) 
is an arbitrary analytical function of bath variables and 
in general, nonlinear. The external driving force e(t) is 
considered to be a stationary delta correlated one with 
unit noise strength and follows the Gaussian statistics 



{e(t))=0,{e(t)e(t'))=28(t-t'). 



(3) 



Now, from Eq.(fT]) the various equations of motion for 
the system and bath variables are found to be 

N 
q = p,p= -V'(q) + J2 C J"] (Qj ~ <*/(?)) /'(9),(4) 
.7=1 

Qj = Pj> Pj = -wf (Qj ~ Cjf{q)) - Kj—e(t). (5) 



dq 3 



Using the explicit form of the function h(qj) 
HOj) =Qj + -xQp 



(0) 



Eq.© becomes 

q) + {w 2 + K 3 e(t)} q.j = c^f(q) + Kj e(t). (7) 

An analysis of Eq. reveals the fact that the presence 
of the term e(t) in the equation essentially transforms 
an otherwise simple harmonic oscillator driven by a force 
[the terms on the right had side of Eq.(|TJ)] to a situa- 
tion with an oscillator having fluctuating (or random) fre- 
quencies. While in the absence of e(i), we could have, at 
least in principle, sought for the analytic solution of the 
problem. In the present situation, needless to mention 
is the fact that we have to resort to some approximation 
method to solve Eq.([7]). The standard system- reservoir 
model assumes that the any change of the system degrees 
of freedom does not affect the spatio-temporal evolution 
of the harmonic bath, while the reverse is not true 28 . As a 
consequence, we use the perturbative solution of the bath 
to monitor the change in the system and thereby elimi- 
nate the bath variables from the system description. In 
nut-shell, we resort to a standard approximation for the 
solution of Eq.Q in which the harmonic baths remain 
unaffected by the system, so that wc neither need to seek 
for a simultaneous solution of the system and bath vari- 
ables, nor any explicit perturbative correction is needed 
for them. 
To solve Eq.Q we assume 



Qj(t) = Q° j (t) + Kj q 1 j (t), 



(8) 



with \kj\ < 1 [kj is small, and of the same order for all j 
] and both q^(t) and q]{t) [representing a small pertur- 
bation around <$(£)] satisfy the equations 



where 



ip(t) 



#W +<##(*) = <*«?/[«(*)] 



(9) 



JV 



^•WjKj sin(wj*). 



(17) 



and q\t) + ^q){t) = -<#(t)e(t) - e(t), (10) 

respectively. Eqs. (|9ll0p have been written on the phys- 
ical ground that at t = the heat bath is in ther- 
mal equilibrium, which in turn is modulated by exter- 
nal fluctuations e(t), at t = + . Under such condition, 
qj (0) = g°(0) and pj(0) = p°(0). This also implies that 
gj(0) = p*(0) = 0. Making use of the formal solution(s) 
of Eq.©, namely, 



q°.(t) = g?(0)cosw,-* 



P°j(0) . 



sin ujjt 



+CjUj / dt' sin oj j (t-t')f{q(t')}, (11) 
Jo 

we obtain the following expression for the bath variable 



<&(*) = Cjf(q) + {$(0) - c,-/[g(0)]} coswj* + 



eft' cos w,- (*-*')/ WMO 



P?(0) 



sin Wot 



u j Jo 



dt'sinujit - t')e{t') [l + g?(t')] ■ (12) 



Now inserting Eq. (fT2|) into Eq.((4]), we obtain the dy- 
namical equation for the system variable as 



P, 



P = -V'(q)-f(q) / dt'-Y(t-t')f'{q(t')}p(t') 



The form of Eq. (fl3| reflects that the system dynamics 
is effectively modulated by three fluctuating forces, £(£), 
the internal thermal noise and the other two fluctuating 
forces due to driving of the bath by an external random 
force e(t). If the external noise-bath coupling is linear, 
i.e., when h(j}j) — qj, the fourth term disappears and we 
obtain our earlier results 9 - ' 29 ! 30 . It is important to note 
that all the effective fluctuating forces are multiplicative 
in nature due to the presence of the system variable func- 
tion f'(q). The statistical properties of £(£) can be de- 
rived by using suitable canonical thermal distribution of 
bath coordinates and momenta at t = 0. We assume 
that the bath variables {qj(0),pj(0)} are distributed ac- 
cording to the Gaussian form with the probability dis- 
tribution function, W{qj(0),pj(0)} = {1/Z)exp(-[H B + 
HsB]/kBT) where Z is the partition function. Then, the 
statistical properties of the fluctuating force £(£) become 

(m) = oAmm) = 2i(t-t')k B T. 

To identify Eq.(|13p as a generalized Langevin equation 
for nonequilibrium open system, we need to impose some 
conditions on the coupling co-efficients Cj and Kj , on the 
bath frequencies Uj and on the number N of the bath 
oscillators that ensure j(t) to be indeed dissipative. A 
sufficient condition for ~f(t) to be dissipative is that it is 
positive definite and decreases monotonically with time. 
These conditions are achieved if N — > oo and if c^w 2 and 
u)j are sufficiently smooth functions of j 3 -^. As N — >• oo 
one replaces the sum by an integral over ui weighted by 
a density of state p(w). Thus, to obtain a finite result in 
the continuum limit, the coupling function Cj — c(w) and 



k(oj) are chosen as 



/'(•?) y^*^ / dt' sinuj(t - t')e(t')q?(t') 



c(w) 



Co 



and k(u>) = kqoj\ 



-f'(q(tm(t)+flq(t)Mt) 



(13) Consequently, j(t) and ip(t) reduce to 



where the random force £(£) and the memory kernel 7(f) 
are given by 



j(t) = — / dwp(w) cos(wi) 



(18) 



(19) 



N 



i(t) = ^ C ^ 2 [{gO(0)- Cj /[g(0)]}cos Wj i 



and (p(t) 



<c Jo 
CqKq 



diop(io)ujsin(ujt), (20) 



Pj(f>) „, 



UJj 



sinujjt 



N 



7(*) = ^c^cosujt. 



(14) 
(15) 



In Eq. (fT3l) . 7r(i) is the fluctuating force generated due to 
the linear part of the coupling function h(qj) and is given 
by 



where cq and kq are constants and uj c = l/r c is the cut-off 
frequency of the bath oscillators. t c may be regarded as 
the correlation time of the bath oscillators and p(u) is the 
density of modes of the heat bath which is assumed to be 
Lorentzian: p(u) — 2t c /[tt(1 + oj 2 t 2 )] . With these forms 
of p(u>), c{uj) and k(u), j(t) and <p(t) take the following 
forms: 



tt(£) = - f dt'tp(t-t')e(t'), 
Jo 



(16) 



7(*) 
<p(t) 



^exp(-|t|/r c 

C K 



7 



exp(-|i|/r c 



■exp(-|t|/r c ). 



(21) 
(22) 



For r c ->■ 0, Eqs.Q21|22|) become j(t) = 2jS(t), where 
7 = Cg and <^(£) = 2coKo<KU) and consequently, one ob- 
tains the ^-correlated noise processes describing Marko- 
vian dynamics. 

The third term on the right hand side of Eq.(fT3f can 
be written as 

f'[q(t)} f dt'e{t') f dt" l^cJKjulamLjjit-t) 

xsmcj j (t'-t")}f[q(t")}} (23) 

where we have used the particular solution for g°(t) [see 
Eq. flTTT) ]. The above expression can be rewritten, using 
known trigonometric identity, as 

\f[q{t)] fdt'e{t') f dt"f[q(t")]J2 c hj^ 
z Jo Jo 

x cosuj(t-2t' + t") 

ft r t' 



\f'W)\j dt ' e ^J o dt"f[q(t")]J2^ 



2 
x cos Wj(t — t") 



(24) 



Now, in the continuum limit, and for Markovian internal 
dissipation, one easily obtains that 

V CjKjJj cosUj(t - It' + t") = 2cln 5(t - 2t' + t"\25) 
j 

and 

^2 c j K i ^j cos Wj (t -t") = 2cln S(t - t") (26) 

3 

Now keeping in mind that t > t ' > t" one can show 
that after integration, the first term in expression (|24[) 
will not contribute, while the second term transpires to 
4*0 f \q(t)} f[q(t)]e(t). 

Taking into consideration all the above assumptions 
and assuming that the system variables evolve much more 
slowly in comparison to the external noise e(i), in the 
limit t c — > 0, Eq. (jT3"|) reduces to 



with the reservoir. The other two noises, x(t) and r](t), 
appear additively and multiplicatively, respectively. As 
the origin of these two noise processes is the same, that is 
the driving of the bath modes by e(i), we expect a cross 
correlation between them. Thus, it is easy to show that 



(7r(t)»7(f )) = co^Sit - t') = MtMf )>. 



(29) 



Eq. (l2"9")) reveals the fact that the two noise processes 7r(£) 
and r)(t) are mutually correlated with kq playing the role 
of degree of correlation. In writing Eq. (|2"9"f we redefine 
the noise ir(t) by absorbing the negative sign. 

From the very mode of the present development it 
is clear that we use the paradigm of a hierarchy of 
interacting Hamiltonians which underlies the reduced- 
dimensional nonequilibrium Langevin equations so as to 
highlight which interaction is the driver for space and 
time dependent correlations. Using an analytical treat- 
ment of the system + reservoir-bath + driving-bath hi- 
erarchy, we are able to demonstrate that the origin for 
the nonstationary colored noise is the nonlinearity in the 
driving term. 

In this context we want to mention some allied for- 
malisms made by Hernandez and his group which bears 
a close kinship with our present development. Very re- 
cently Popov and Hernandez^ used a hierarchy of in- 
teracting Hamiltonians to address the question of multi- 
ple temperature baths, and the analytical approach used 
is similar to that taken here. In this development they 
have addressed a generalized construction for the effec- 
tive temperature of a tagged particle connected to an ar- 
bitrary number of time-dependent inhomogeneous reser- 
voirs. In a number of papers 33 Hernandez and co-workers 
explored the extent to which different molecular scale 
perturbations can drive molecular systems to exhibit dy- 
namic and metastable properties accessible only within 
nonequilibrium conditions. In these development they 
have also provided an illustration of the nonstationary 
dissipation through the justification for the use of the 
hierarchy of Hamiltonians analytically. In this context 
Hernandez and co-worker o 34 ' 35 have also discussed treat- 
ments of an external driving potential which lead to a 
rephrasing of the frictional terms. 



q = p, 

P = -V'(q)-llf(q)} 2 p + f(q)m + f(<lMt) 

+l^f(q)f( q )e(t), (27) 

where the dressed noise 7r(£) obeys the correlation func- 
tion (■K(t)Tr(t 1 )) = 27«Qi5(i — t'). Now for linear system- 
bath coupling, i.e., for f(q) — q, we obtain, from Eq. 
(1271) . the Langevin equation for the Brownian particle 

q = p 

P = -V'{q)-jp + m+At) + QV(t)- (28) 

with r)(t) = 7ftoe(i). The noise £(£) is thermal noise and 
makes its presence felt due to the coupling of the system 



III. CONCLUSION 

In conclusion, using the microscopic Hamiltonian pic- 
ture we have constructed a Langevin equation that apart 
from including the thermal noise, originating from the 
heat bath, includes two external mutually correlated 
noises, one appears additively and the other multiplica- 
tively. In almost all of the traditional works, the external 
cross-correlated noises are treated phenomenologically. 
Our approach is an attempt to understand the under- 
lying mechanism of additive and multiplicative cross cor- 
related noises and to realize their mutual interplay from 
a microscopic view point. 
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